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In 1963, Yu \[[@CR26]\] first proved the Valiron--Knopp--Bohr formula of the associated abscissas of bounded convergence, absolute convergence, and uniform convergence of Laplace--Stieltjes transform. Moreover, Yu \[[@CR26]\] also estimated the growth of the maximal molecule $\documentclass[12pt]{minimal}
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In 2012 and 2014, Luo and Kong \[[@CR9], [@CR10]\] investigated the growth of Laplace--Stieltjes transform converging on the whole plane and obtained the following.

Theorem 1.1 {#FPar3}
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(see \[[@CR10]\])
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In this paper, the first aim is to investigate the growth of analytic functions represented by Laplace--Stieltjes transforms with generalized order converging in the half plane, and we obtain some theorems about the generalized order $\documentclass[12pt]{minimal}
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Definition 1.2 {#FPar5}
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Remark 1.2 {#FPar6}
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Results and discussion {#Sec2}
======================

For generalized order of Laplace--Stieltjes transform ([1](#Equ1){ref-type=""}), we obtain the following.
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If Laplace--Stieltjes transform ([1](#Equ1){ref-type=""}) satisfies $\documentclass[12pt]{minimal}
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In 2017, Singhal and Srivastava \[[@CR17]\] studied the approximation of Laplace--Stieltjes transforms of finite order converging on the whole plane and obtained the following theorem.

Theorem 2.3 {#FPar11}
-----------

(see \[[@CR17]\])
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Theorem 2.4 {#FPar12}
-----------

(see \[[@CR20], Theorem 2.5\])
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-----------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F(s)\in L_{0}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathscr{A}\in\Gamma^{0i}$\end{document}$, *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathscr{B}\in \Gamma^{0i}$\end{document}$ *be continuously differentiable satisfying* ([8](#Equ8){ref-type=""}) *and* ([9](#Equ9){ref-type=""}), *and let the function* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathscr{B}$\end{document}$ *increase more rapidly than* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathscr{A}$\end{document}$. *If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F(s)$\end{document}$ *satisfies* ([10](#Equ10){ref-type=""}) *and* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho_{\mathscr{A}\mathscr{B}}(F)= \limsup_{\sigma\rightarrow 0^{-}}\frac{\mathscr{A}(\log M_{u}(\sigma,F))}{\mathscr{B}(-\frac {1}{\sigma})}, \quad 0\leq\rho_{\mathscr{A}\mathscr{B}}(F)\leq +\infty , $$\end{document}$$ *then for any real number* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$-\infty <\beta<0$\end{document}$, *we have* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Theorem 2.6 {#FPar14}
-----------

*Under the assumptions of Theorem* [2.2](#FPar10){ref-type="sec"}, *then for any real number* $\documentclass[12pt]{minimal}
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Conclusions {#Sec3}
===========

Regarding Theorems [2.1](#FPar9){ref-type="sec"} and [2.2](#FPar10){ref-type="sec"}, the generalized order of Laplace--Stieltjes transforms are discussed by using the more abstract functions, and some related theorems among $\documentclass[12pt]{minimal}
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                \begin{document}$A_{n}^{*}$\end{document}$ and the generalized order are obtained. Moreover, we also investigate some properties of approximation on analytic functions defined by Laplace--Stieltjes transforms of generalized order. For the topic of the growth and approximation of Laplace--Stieltjes transforms of generalized order, it seems that this topic has never been treated before. Our theorems are generalization and improvement of the previous results given by Luo and Kong \[[@CR9], [@CR10]\], Singhal and Srivastava \[[@CR17]\].

Methods {#Sec4}
=======

To prove our results, we also need to give the following lemmas (see \[[@CR16]\]).
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Lemma 4.1 {#FPar15}
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Proof {#FPar16}
-----
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Therefore, this completes the proof of Lemma [4.1](#FPar15){ref-type="sec"}. □

Lemma 4.2 {#FPar17}
---------
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Proof {#FPar18}
-----
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Proofs of Theorems [2.1](#FPar9){ref-type="sec"} and [2.2](#FPar10){ref-type="sec"} {#Sec5}
-----------------------------------------------------------------------------------

### The proof of Theorem [2.1](#FPar9){ref-type="sec"} {#Sec6}
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### The proof of Theorem [2.6](#FPar14){ref-type="sec"} {#Sec10}

By combining the arguments as in the proofs of Theorems [2.2](#FPar10){ref-type="sec"} and [2.5](#FPar13){ref-type="sec"}, we can easily prove the conclusion of Theorem [2.6](#FPar14){ref-type="sec"}.

**Publisher's Note**

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

We thank the referee(s) for reading the manuscript very carefully and making a number of valuable and kind comments which improved the presentation.

HYX and HW completed the main part of this article, HYX and HW corrected the main theorems. All authors read and approved the final manuscript.

The authors were supported by the National Natural Science Foundation of China (11561033), the Natural Science Foundation of Jiangxi Province in China (20132BAB211001,20151BAB201008), and the Foundation of Education Department of Jiangxi (GJJ160914, GJJ170759, GJJ161603, GJJ170788) of China.

Competing interests {#FPar19}
===================

The authors declare that none of the authors have any competing interests in the manuscript.
